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Abstract. The three-loop Adler D-function for N = 1 SQCD in the DR scheme is
calculated. It appears that the result does not satisfy NSVZ-like equation which
relates the D-function to the anomalous dimension of the matter superfields. How-
ever this NSVZ-like equation can be restored by a special tuning of the renormal-
ization scheme. Also we demonstrate that the D-function defined in terms of the
bare coupling does not satisfy the NSVZ-like equation in the case of using the reg-
ularization by dimensional reduction. The scheme-dependence of the D-function
written in the form of the β-expansion is briefly discussed.
1 Introduction
The D-function allows comparing the theoretical QCD predictions with the
experimental data for R-ratio which plays an important role in investigat-
ing strong interaction contributions to various physical quantities (such as the
strong coupling constant or the muon anomalous magnetic moment).
In the region where the perturbation theory is applicable the D-function can
be found by calculating the QCD corrections to the electromagnetic coupling
constant [1]
D(αs) = −
3pi
2
∂
∂ lnP
d−1(α, αs, P/µ)
∣∣∣
α→0
, (1)
where d−1 is the inverse invariant charge. In this equation the electromagnetic
coupling constant is set to zero. Therefore, only quantum corrections coming
from the quark and gluon loops are taken into account, while the electromag-
netic field is treated as an external one, so that only QCD corrections survive.
Sometimes, it is also convenient to use another definition of the D-function,
D˜(αs) = −
3pi
2
d
d lnµ
α−1(α0, αs0,Λ/µ)
∣∣∣
α0,αs0=const; α0→0
. (2)
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It is possible to demonstrate [2] thatD(αs) = D˜(αs) if the SQCD-renormalization
of the electromagnetic coupling constant is made according to the prescription
Π(αs, P/µ = 1) = 0. (3)
According to [3, 4] the D-function defined in terms of the bare coupling
constant in all orders satisfies the NSVZ-like equation
D(α0s) =
3
2
Nf∑
α=1
q2α
(
dim(R)− tr γ˜(α0s)
)
(4)
if the higher covariant derivatives [5,6] are used for the regularization indepen-
dently of a renormalization prescription supplementing it. For the D-function
(2) a similar exact relation takes place in the HD+MSL scheme, when only
powers of lnΛ/µ are included into renormalization constants [7].
However, the prescription (3) giving the Adler function (1) evidently differs
from the HD+MSL scheme. Moreover, most calculations of the phenomeno-
logical interest have been done in the DR-scheme, so that it is desirable to find
the result for the D-functions (1) and (2) in this case as well.
2 The 3-loop results for Adler functions D(αs) and D˜(αs)
We consider masslessN = 1 SQCD with the G×U(1) gauge group. This theory
contains two bare coupling constants g0 and e0 corresponding to the factors G
and U(1), respectively. We formulate it in terms of the N = 1 superfields,
S =
1
2g20
Re tr
∫
d4x d2θW aWa +
1
4e20
Re
∫
d4x d2θW aWa
+
Nf∑
α=1
1
4
∫
d4x d4θ
(
φ+α e
2V+2qαV φα + φ˜
+
α e
−2V t−2qαV φ˜α
)
, (5)
where φα, φ˜α are chiral matter superfields in the representations R and R¯,
respectively. V is the non-Abelian gauge superfield, and V is the Abelian one.
The corresponding gauge superfield strengths are denoted by Wa and Wa.
The result for the three-loop D-function obtained in [7] with the help of the
higher covariant derivative regularization can be written as
D˜(αs) =
3
2
Nf∑
α=1
q2α
{
dim(R) +
αs
pi
trC(R) +
α2s
pi2
[ 3
2
C2trC(R)
(
ln aϕ + 1 + d2
−b11
)
−NfT (R) trC(R)
(
ln a+ 1 + d2 − b12
)
−
1
2
tr
(
C(R)2
)]}
+O(α3s), (6)
where r = dimG and
tr (TATB) = T (R)δAB; C(R)i
j = (TATA)i
j ; C2δ
CD = fABCfABD. (7)
In Eq. (6) a =M/Λ and aϕ =Mϕ/Λ are the ratios of the Pauli–Villars masses
(needed for regularizing the one-loop divergences [8]) to the dimensionful reg-
ularization parameter. The finite constants b11, b12, and d2 characterize the
subtraction scheme. Fixing the renormalization prescription we fix values of
these constants defined by the equations
1
α0s
=
1
αs
+
1
2pi
[
3C2
(
ln
Λ
µ
+ b11
)
− 2NfT (R)
(Λ
µ
+ b12
)]
+O(αs);
1
α0
=
1
α
−
1
pi
Nf∑
α=1
q2α dim(R)
(
ln
Λ
µ
+ d1
)
−
αs
pi2
Nf∑
α=1
q2α trC(R)
(
ln
Λ
µ
+ d2
)
+O(α2s). (8)
The results for the functions (1) and (2) with the dimensional reduction [9]
are obtained from Eq. (6) for some values of these finite constants. These
values can be found by comparing the expressions for the two-loop anomalous
dimensions of the matter superfields and also the two-point Green functions of
the matter superfields and of the electromagnetic gauge superfield calculated
with the higher derivative regularization and with a proper renormalization
prescription supplementing dimensional reduction, see [2] for details.
It is convenient to present the resulting expressions in the form of the β-
expansion formalism [10]. It is also reasonable to use a similar expansion for
the anomalous dimension of the matter superfields in order that both sides of
the NSVZ-like relation have a similar structure,
D(αs) =
3
2
Nf∑
α=1
q2α
{
dim(R) + trC(R)
2∑
n=1
Dn
(αs
pi
)n }
+O(α3s);
γ˜(αs)i
j =
2∑
n=1
(
γn
)
i
j
(αs
pi
)n
+O(α3s), (9)
where β0 = −3C2/2 +NfT (R) is the first coefficient of the β-function and
D1 = D1[0], D2 = β0D2[1] +D2[0](
γ1
)
i
j = γ1[0]i
j ,
(
γ2
)
i
j = β0 C(R)i
j γ2[1] + γ2[0]i
j . (10)
The scheme-independent coefficient are
D1[0] = 1; D2[0] = −
tr(C(R)2)
2 trC(R)
;
γ1[0]i
j = −C(R)i
j ; γ2[0]i
j =
1
2
(
C(R)2
)
i
j , (11)
while the values of the scheme-dependent coefficients D2[1] and γ2[1] are col-
lected in Table 1 (see [2] for details). From this table we see that NSVZ-like
equation for the D-function is not satisfied in the DR-scheme. However, it is
possible to construct finite renormalizations that restore it. The NSVZ-like
relation is not satisfied for the D-function defined in terms of the bare coupling
constant for the theory regularized by dimensional reduction, in contrast to the
case of higher covariant derivatives for which it is satisfied.
Function Regularization α αs and Zi
j D2[1] γ2[1] NSVZ
D(αs) DRED MOM-like DR −
5
2
+
3
2
ζ(3)
1
2
−
D(αs) DRED MOM-like NSVZ −
5
2
+
3
2
ζ(3) + δ˜0
5
2
−
3
2
ζ(3) − δ˜0 +
D˜(αs) DRED DR DR −
3
4
1
2
−
D˜(αs) DRED
DR+finite
renormal.
NSVZ −
3
4
+ δ˜0 − f˜1
3
4
− δ˜0 + f˜1 +
D˜(αs) HD; aϕ = a HD+MSL HD+MSL −1 − ln a 1 + ln a +
D(αs0) DRED arbitrary arbitrary −
3
4
−
1
2ε
1
2
−
D(αs0) HD; aϕ = a arbitrary arbitrary −1 − ln a 1 + ln a +
Table 1: Scheme-dependent coefficients of the β-expansions of the D-function and of the
anomalous dimension of the matter superfields in various renormalization schemes.
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